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PROBLEMS FOR PROBLEM SESSION 



Vladimir L. Popov 



Below are the problems that I formulated at Open Problems Session of Work- 
shop on Group Actions on Rational Varieties, McGill University and University 
of Montreal, Canada, March 2002. 



Let k be an algebraically closed field of characteristic 0. 

1. Roots of the Affine Cremona Group 

Let fcN := k\ ] be the polynomial algebra in variables 

lO ' over k, and let n > 1. Put 

The affine Cremona group Aut^ k^ is an infinite dimensional algebraic group, 
and the set of 'volume preserving' transformations, 



Aut£fcM := {a G Aut fc fcM | det(A(a(x J ))) 1 ^ .< n = 1}, 



is its closed normal subgroup, [Sh], [Ka]. The group Aut^/c^ is an infinite 
dimensional simple algebraic group, [Sh] . If D is a locally nilpotent /c-derivation 
of k\ n \ then it is easily seen that exptD G Aut£ k^ for any t G k, so D lies in 
Lie(Aut£fcM). 

It follows from [BB1], [BB2] that n — 1 is the maximum of dimensions of 
algebraic tori contained in Aut£ k\ n \ and that every algebraic torus in Aut£ k^ 
of dimension n — 1 is conjugate to the 'diagonal' torus 

T := {a := diagfa, . . . , t n ) G Aut* fcN | = t^, ^ G fc, nUi *i = !}■ 

Mimicing the notion of root from the theory of finite dimensional linear alge- 
braic groups, cf., e.g., [Sp], introduce the following 
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Definition 1.1. A nonzero locally nilpotent derivation D of k^ is called a 
root vector of Aut£ k^ with respect to T if there is a nontrivial character \ £ 
Hom(T, G m ) such that 

a o D o cr _1 = x(<r).D V a G T. 

The character x is called the root of Aut^ k^ with respect to T corresponding 
to D. 

Problem 1.1. Find all roots and root vectors of Aut^ k^ with respect to T. 
Among the root vectors there are evident 'classical' ones 

XiDj, where i ^ j, and Di 

contained respectively in the Lie algebras of the special linear group SL n (act- 
ing naturally on k^ by linear transformations of x\, . . . ,x n ) and the group of 
translations 

T n := {(xi,... ,x n ) i-> (xi + ci, . . . ,x n + c n ) | a G fc}. 
The corresponding roots are respectively SiE~ l and E{ where 

£i(diag(ti, . . . ,*„)) = U. 

Problem 1.2. Describe the centralizer and the normalizer of T in Aut£ fc^. 

Remark 1.1. The question whether Aut£ /^ n l has no maximal (with respect to 
inclusion) algebraic tori of dimension < n — 1 is equivalent to asking whether 
every 'volume preserving' algebraic torus action on A n is linearizable. The first 
nontrivial case is n = 3. Putting together the results of [KR], [KR1], [Ko], [KM], 
[KR2], [KR3] (see a historical account in [KMKR]) one obtains that in this case 
the answer is affirmative. 

2. Generators of Aut* k fcM 

Definition 2.1. A subgroup G of Aut£ k™ is called d-generated if there exists 
a set G of locally nilpotent derivations of k\ n ^ such that G is generated by the 
elements expD, where D e Q. 

Recall (cf. [P]) that, given a locally nilpotent derivation D of k^ n \ there is 
a simple method of constructing new such derivations: if / is an element of 
KerD := {h E fcM | Dh = 0}, then fD is a locally nilpotent derivation of k^ 
as well. Thus for any such / we obtain an element exp fD of Aut^fcN. 
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Definition 2.1. A subgroup G of Aut£ k^ is called finitely d- generated if there 
exists a finite set £ of locally nilpotent derivations of k^ such that G is generated 
by the elements exp fD where D e G and / G Ker D. 

Example 2.1. Since the special linear group SL n is generated by the root sub- 
groups {exptXiDj | t G k}, 1 < % 7^ j < n, cf. [Sp], it is finitely (^-generated 
(with Q = {Di, . . . , D n }). By the same reason, any connected semisimple alge- 
braic subgroup G of Aut£/c' n l is finitely <9-generated. On the other hand, any 
algebraic torus in Aut£ k^ is not <9-generated. 

Example 2.2. Since the automorphism 

(xi, . . . , x n ) i ► (xi + Ci, . . . , x n + c n ), q G /c, 

coincides with (expci-Di) o ... o (expc n .D n ), the group of translations T n is 
finitely 9-generated (with Q = {Di, . . . , D n }). 

Example 2.3. Let n > 1. If /j G fc[xj + i,... ,x n ], z = 1, ... ,n — 1, then 
(exp /i-Di) o . . . o (exp / n _iD n _i) is the automorphism 

(xi,... ,x n ) i-> (xi + /i,x 2 + /2,... ,a; n _i + /„_i,x n ). 

Hence the de Jonquiere group J n consisting of all such automorphisms is finitely 
(^-generated (with Q = {Di, . . . , D n _i}). 

Problem 2.1. Is £/ie group 

Autfc/cN d-generated? If yes, is it finitely d- 

generated? 

Example 2.4. Since Aut£ fcM = Ti, it follows from Example 2.1 that the group 
Autfc fcW i s finitely <9-generated (with Q = {Di}). 

Example 2.5. Since Aut£ k^ is generated by SL2, T2 and J2, cf. [vdK], it follows 
from Examples 2.1, 2.2 and 2.3 that the group Aut^fc^ is finitely 9-generated 
(with Q = {£>!, D 2 }). 

Remark 2.1. Let cr G Aut£ fc™ be the Nagata automorphism, [N], 

(xi, x 2 , x 3 ) h-> (xi - 2x 2 (x 3 xi + X2) - x 3 (x 3 xi + X2) 2 , x 2 + x 3 (x 3 xi + X2), x 3 ). 

By [SU1], [SU2], it is not tame, i.e., does not lie in the subgroup of Aut£/c' 3 ' 
generated by SL 3 , T 3 and J 3 . However notice that a = expfD, where D is 
the locally nilpotent derivation of k^ given by D := — 2x 2 Di + x 3 _D 2 , and 
/ := x 3 Xi + x| G Ker D. 

3. Two Locally Nilpotent Derivations 

Let P and Q be locally nilpotent derivations of k^. 
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Problem 3.1. When is the minimal closed subgroup of Aut & k^ containing the 
one- dimensional subgroups 

{exp tP \ t E k} and {exp | t E k} 

finite dimensional? 



4. Rationality of Some Homogeneous Spaces 

Let G be a connected semisimple algebraic group over k, and let a G Aut^ G 
be an element of finite order. Consider the subgroup 

GT :={geG | a(g) = g}. 

Conjecture 4.1. The algebraic variety GjG a is rational. 

If order = 2, then, by [V], the homogeneous space G/G a contains a dense 
open orbit of a Borel subgroup of G. Since any orbit of a connected solvable 
linear algebraic transformation group is rational, this shows that the conjecture 
is true for order = 2. 
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